We furnish details and extensions for the vertex paradigm and several related ideas introduced in recent unpublished talks. The vertex paradigm is a method for dealing non-perturbatively with the Schwinger-Dyson equations (SDE) of asymptotically-free (AF) gauge theories such as (for simplicity, matter-free) QCD, even in the face of necessary approximations. It provides a useful truncation for the infinitely-many SDE of the gauge-and renormalization-group invariant Pinch Technique (or PT-RGI for short). We implement the vertex paradigm by successive approximations at the one-dressedloop level, postulating input tree-level gluon and ghost propagators as well as a 3-gluon vertex that are well-behaved in the infrared and also satisfy several crucial PT-RGI Ward identities that are QED-like and ghost-free. Good IR behavior is assured by including a (non-running) gauge-invariant dynamical gluon and ghost mass as part of the input. The non-trivial part of the vertex paradigm is that, with our inputs, the one-loop output vertex then satisfies the correct Ward identity from which we can construct the output gluon propagator, once we take proper account of Nambu-Goldstonelike massless scalars and related technical problems that arise whenever there is dynamical gluon mass generation. The one-loop outputs show a number of desirable features: They are PT-RGI; free of any reference to a coupling (dimensional transmutation); satisfy the ghost-free Ward identities connecting them; give exactly the known one-loop UV behavior; and are free of IR singularities. We give a much simpler (because it is free of spin complications) illustration of the main principles of the vertex paradigm in a modified φ 3 6 model that is AF. Our successive-approximation scheme is not designed to estimate the gluon dynamical mass, but it shows that there is a lower limit to the mass below which the AF theory completely breaks down.
I. INTRODUCTION A. General
One of the major goals of analytic investigations of non-perturbative QCD is, or should be, to provide an approach for off-shell Green's functions and their SDE that:
1. Is gauge-invariant 2. Satisfies the necessary Ward (or Slavnov-Taylor) identities 3. Is renormalization-group invariant (RGI) 4 . Shows dimensional transmutation (their solutions do not depend on the coupling g)
5.
Gives the exact and known UV behavior (asymptotic freedom, or AF) 6 . Has no spurious IR divergences coming from gauge artifacts [1] [2] [3] 7. Cures the IR singularities of perturbative QCD All of these criteria should be satisfied even given the unavoidable approximations needed in any approach to a d = 3, 4 AF gauge theory. We could also add that the approach should be, in some context, simple enough to explain to graduate students who know the basics of quantum field theory.
Criterion 1 is met by the Pinch Technique (PT), now more than thirty years old [4, 5] . So is criterion 2, in principle, but approximations could cause violations. The point of the vertex paradigm is to find a non-perturbative approximation within the PT for vertices that satisfies the Ward identities discussed in Sec. III and improves on the well-used gauge technique [4] [5] [6] . A great number of papers have been written on the PT, some of which we will have occasion to cite later on.
come seems to be to use the tree-level vertices and propagators from adding to the usual NAGT action a gauged non-linear sigma (GNLS) model action, multiplied by m 2 , and using an appropriate gauge. As is well-known, the GNLS action has local gauge invariance. It is not obviously renormalizable, but that will not concern us at the present one-loop level of approximation. In practice at the one-loop level, this amounts to using the usual tree-level 3-and 4-gluon vertices modified with m 2 corrections that come from the GNLS term, while the tree-level PT-RGI gluon propagator ∆ and ghost propagator ∆ gh have the form ∆ µν (p) = δ µν p 2 + m 2 . ∆ gh (p) = 1 p 2 + m 2 .
(1)
In the PT-RGI, the ghost mass is the same as the gluon mass. In the Landau gauge the ghost is massless (more generally, the ghost mass depends on the gauge), which induces spurious IR singularities in the vertices and gluon propagator that cannot occur in any gauge-invariant and physical quantity. We discuss this in more detail in Sec. VI and Appendix A. Although the true dynamical gluon mass must run with momentum, it is critical to our approximation that the mass m is constant, because then the Ward identity we need is satisfied at tree level for any constant mass. This fact is essential in constructing an output 3-gluon vertex that also satisfies the same Ward identity. We will argue in Appendix A that there is a choice of gauge-fixing term yielding this simple massive propagator for an NAGT with a GNLS model mass term. Of course, one can consider the case of a running mass, but the complexities defeat our purpose of as much simplicity as possible.
The fact that in our approximation the mass m 2 does not run means that we cannot calculate it, even approximately, because certain integrals diverge logarithmically. We can only remove the divergence by imposing a self-consistency condition on the results of the successive approximation at one loop, which is enough to show that not only must QCD generate a gluon mass dynamically, there is a lower limit m c to this mass, in terms of the QCD mass scale Λ, of m c ≈ 0.66Λ. In reality the mass must run or the SDE have no solutions.
Long ago, the PT one-loop 3-gluon vertex was given in perturbation theory [50] , and shown to obey the QED-like Ward identity. Sec. VI along with Appendices A 1 and B give arguments that the first-and biggest-step in doing this for the vertex paradigm is just to modify the results of [50] by changing both gluon and ghost propagators from massless to massive, as in the denominator of Eq. (1) . This gets us most of the way to satisfying the Ward identity, but by itself would be incomplete and inconsistent. The steps needed to remedy these faults are outlined in Sec. I C and discussed in more detail in Sec. VI and Appendix B. All these steps generate output terms that have numerators linear in m 2 . Some terms have massless longitudinally-coupled poles whose residue is ∼ m 2 ; these are precisely the poles of the GNLS model. They play the same role as Nambu-Goldstone poles, although there is no symmetry "breaking". Even without symmetry breaking, such poles are required for any locally gauge-invariant mechanism for a dynamical mass for gauge bosons.
As one might expect, there are serious computational barriers for even the one-loop calculations in a gauge theory. Therefore, we will give some details of a spinless Abelian model previously discussed briefly [9] that is a special version of massless φ 3 6 , long known to be AF, in Sec. V. In this model, all the criteria given above can be defined and are in fact fulfilled (except that there are no lattice simulations to compare with). This model has a certain anschaulichkeit (visualizability) because there are no spin complications.
C. Details and complications
In all orders of (massless) NAGT perturbation theory the PT Green's functions are the same as those of the background-field method (BFM) Feynman gauge. This is a distinguished gauge because there are no longitudinal momenta either in the tree-level propagator (which is the m 2 = 0 form of Eq. (1)) or in the tree-level vertex (which is G 0F of Eq. (16)). To oversimplify, the essence of the PT is to use these and other longitudinal momenta to modify ordinary Feynman graphs, but no such modification arises in the BFM Feynman gauge. Beyond tree level the propagator does have longitudinal momenta in its numerator, and if mass is generated some of these terms necessarily have massless poles akin to those of Nambu-Goldstone fields. Even at tree level the GNLS model leads to such terms, so the BFM Feynman gauge is not so simple. In Appendix A 1 we note that the input propagator of Eq. (1) comes from the 't Hooft-Fujikawa-Lee-Sanda [51, 52] Feynman gauge with a special Higgs sector. This gauge procedure was developed for NAGTs with Higgs fields and symmetry "breaking", but the GNLS mass term is equivalent [53] to N Higgs-Kibble fields in the fundamental representation of SU (N )) in the limit where the VEVs of the Higgs fields are frozen, and thee is no symmetry breaking. Even though the Higgs fields are in the fundamental representation, there is a custodial symmetry that makes the massive gluons blind to the center symmetry of the gauge group. In the FLS Feynman gauge, tree-level vertices are those of the massless theory, plus an additional vertex that we discuss later.
It is critical to note that in an FLS Feynman gauge the ghosts have the mass m of the gluons, and in a more general FLS-R ξ gauge the ghost masses are gauge-dependent and unphysical. Simply using this gauge for conventional Feynman graphs does not realize the principles of the PT-RGI procedure, but when standard PT algorithms are used on the GNLS mass term with any gauge, the result is, as expected, PT-RGI and the ghosts do have the gluon mass. Generation of a dynamical gluon mass produces several complications:
1. The massless poles mentioned above that appear in vertices and the propagator, and must satisfy the Ward identities by themselves.
2. Seagull graphs do not vanish as they do (with dimensional regularization) for massless gluons. They are dealt with in Sec. VI C by a regularization identity [4] that does not use dimensional regularization. This regularization has also been used often by Papavassiliou and collaborators.
3. Even though there are no explicit powers of m in the non-pole Green's functions before momentum-space integration, such powers arise after this integration. By themselves they can cause violations of Ward identities, all of which are cured with seagull terms as regulated in Sec. VI C.
We will see that using the one-dressed-loop PT-RGI equations, we get the exact UV behavior to one loop. While this has not been investigated extensively for higher numbers of dressed loops in an NAGT, it is easy to work out in the tweaked φ 3 6 model, where successive UV terms of, say, the running charge that would be ordered by powers of g 2 in perturbation theory are ordered by the number of loops in the skeleton expansion. Each skeleton graph has the UV behavior expected of an AF theory.
II. THE PT-RGI PROCEDURE
A renormalizable field theory (to be specific, in d = 4) has a finite number of parameters (masses, couplings) and wave-function renormalization constants (Z for short) that suffer infinite renormalization, so that these parameters are arbitrary, in the absence of further information outside the context of the given field theory. Because the Zs are infinite, the corresponding renormalized and finite Green's functions (proper self-energy, vertices) apparently necessarily depend on one or more renormalization schemes and renormalization masses µ that can be chosen almost arbitrarily. The finite renormalized S-matrix is independent of such choices, but it has an undetermined finite parameter for every infinite renormalization constant.
In QCD with massless quarks, there is only one mass parameter, the physical QCD scale Λ, and it does not appear in the classical action. (Classical gluon and quark masses are forbidden by gauge and chiral symmetry respectively. Any dynamically-generated masses are necessarily not only finite, but decrease at large momentum, typically like 1/p 2 modulo logarithms.) There is only one coupling constant g, and its arbitrariness is equivalent to the arbitrariness of Λ. All dimensionless physical quantities, such as mass ratios, can be calculated unambiguously, including the running charge. Yet the standard approach to renormalization in QCD is to introduce a renormalization mass µ and renormalization constant Z i for each irreducible Green's function needing renormalization (the 2-, 3-, and 4-point functions, including those with ghosts). Each Z i is gauge-dependent, but certain products of the Z i are gauge-invariant.
In the PT-RGI approach there is no need for this proliferation of renormalization constants. In this section we review and give more detail for the PT-RGI procedure, in which for gluonic Green's functions we need only one Z and no renormalization masses at all. This circumstance leads directly to criteria 1-5 above. It would be difficult to find equivalent results with conventional gauge-dependent Green's functions.
Even in the usual PT (without the RGI feature), which yields gauge-invariant Green's functions, there is µ-dependence. We show that this dependence is removed by dividing the proper one-particle-irreducible (1PI) PT functions by g 2 0 , leaving Green's functions that are renormalization-group invariant (RGI), or PT-RGI Green's functions. These are gauge-independent, process-independent, finite, and RGI. All the Schwinger-Dyson equations (SDEs) for these Green's functions are manifestly independent of µ and of the coupling g 2 (µ), as required by dimensional transmutation. This µ-independence is what would happen if an asymptotically-free NAGT were actually finite, as opposed to needing renormalization. Dividing by g 2 0 is equivalent to finding the Green's functions of a quantum gauge potential that is the product of g with the canonical gauge potential.
This holds for Green's functions all of whose external legs are gluons, but these gluonic Green's functions can have internal ghost or quark loops. Ghosts cannot offer any obstacles, because one can always carry out the PT-RGI process in a ghost-free gauge; of course, the PT is independent of a gauge choice, and in such a gauge there are no unphysical Green's functions with external ghost legs to worry about. As for quarks and ghosts, the S-matrix has no graph with an open quark or ghost line, and closed loops do not affect the PT-RGI property. An RGI property holds for quark-gluon and ghost-gluon closed loops.
There are two respects in which this development of PT-RGI Green's functions is important, beyond the usual virtues that PT Green's functions are gauge-and process-independent. The first is that, just as PT Green's functions can be made gauge-and process-independent even with various modes of approximation, PT-RGI Green's functions can be made µ-independent even though these Green's functions are only approximately determined. This is a step beyond construction of the S-matrix with conventional Feynman graphs, because when these are only approximate there is always some residual µ-dependence. The hope is that such dependence fades away as the approximation is improved (typically by going to more loops).
The second respect is that if all off-shell Green's functions of QCD are finite and µ-independent, with no arbitrary parameters at all, QCD begins to look like a finite field theory, even though it is really not finite. Over the years since S-matrix theory was dominant in hadronic physics, there have been several clues that an NAGT such as QCD comes close to realizing the old S-matrix theory dreams of a finite theory [8] .
A. Essence of the PT-RGI procedure
In a general renormalizable field theory with cubic couplings, for any three-particle vertex with bare coupling g 0 there are several renormalization constants:
Symmetries of the theory may imply relations between these Z i , and in the PT construction for the 2-, 3-, and 4-point proper gluonic PT-RGI Green's functions of a NAGT there is only one Z, for much the same reason that
There is a Ward identity constraint. Let us accept this for the moment, and write the renormalization relations between renormalized (R) and unrenormalized (U) PT Green's functions. No matter what gauge is used, the standard PT propagator d µν , three-gluon vertex Γ βαρ , four-gluon vertex Γ (4) βαρµ , and bare coupling g 2 0 are renormalized by a single parameter Z, even though they may have internal quark or, in a more conventional gauge, ghost loops.
Here U and R stand for unrenormalized and renormalized, and we always suppress the group indices. At this point we do not need space-time indices either. The PT-RGI Green's functions are then defined as:
We need not indicate whether ∆, G, and G (4) are renormalized or not; they are all RGI, and from now on we drop the labels U, R.
Note that these equations refer to Green's functions where all external legs are background, in the sense of the background field method [5] . We denote a background leg by B and a quantum leg by Q. To construct all-B Green's functions we need, for example, a BQQ three-gluon vertex. An example is the gluon loop of Fig. 2 , where the internal gluon lines are Q lines, and so the BBB vertex is composed of three BQQ vertices.
A factorization of the PT-RGI propagator
Eq. (3) suggests [7] the factorization
where we interpretḡ as the running charge. Although ∆ is unique, its factorization is not. We will define H(p) as a standard massive propagator with a running mass:
which then defines the running charge through Eq. (6) . [In the present paper we use only a non-running mass.] In the UV, where the mass can be dropped, this agrees with a standard definition of the running charge, and is useful in the IR. All that is necessary for physics are the Green's functions, and not any particular factorization. With the factorization that we use, we show [9] in Sec. III B how the running charge can be defined directly from the 3-gluon PT-RGI vertex. (Ref. [54] has related work.)
There are two important points to be made about any such factorization:
• In perturbation theory, and we assume in full QCD, we expect thatḡ 2 (p) ∼ 1/ ln p 2 and H(p) ∼ 1/p 2 at large momentum. This means that the propagator ∆(p) decreases faster than 1/p 2 and cannot satisfy the Källen-Lehmann representation with a positive spectral function [7] .
• Because all physics resides in the propagator and not in its factorization, the widely-used running charge is not unique in the IR, because it depends on how H(p) is defined. This is apart from any UV non-uniqueness arising from renormalization scheme dependence.
These results on gluonic Green's functions still hold if closed chiral fermion and ghost loops are included. Of course, including massive non-chiral fermions will require renormalization constants for the bare masses.
Including ghosts and massless (chiral) fermions
We define, as with gluons, a factorization:
Here J(p) is taken to be RGI, and
In the PT the Ward identity is QED-like:
as in QED, so
[One quark momentum (p) is ingoing, the other is outgoing.] This means that every quark loop coupled to gluons is RGI, because it has as many quark-gluon vertices as gluon propagators. In particular, adding quark loops to the three-gluon vertex does not change the RGI properties already discussed for that vertex. The same argument holds for ghost loops. The Ward identity also allows precisely the same results as for gluons: In a quark loop the UV behavior of the vertex and the propagator cancel, so one can construct a useful quark-gluon vertex from a one-loop integral over free massive propagators, with both a CSB quark mass M and a gluon mass m to tame the IR behavior.
PT-RGI Green's functions satisfy ghost-free Ward identities that are the backbone of the vertex paradigm, and we take them up next.
III. THE WARD IDENTITIES
The 2-point Ward identity requires transversality of the gluon proper self-energy, and we write, in an R ξ gauge,
where
is the transverse projector. The scalar function ∆(k) is gauge-invariant (independent of ξ), independent of the coupling g, and RGI.
The all-order 3-gluon PT-RGI vertex Ward identity starts from the decomposition into a tree vertex and loop corrections:
The loop corrections Λ are unique, but the bare vertex comes in two forms. The Ward identity for Λ is:
If we choose the bare vertex as the standard NAGT vertex (divided by g 2 0 ), then the Ward identity for the full vertex is:
A. Relation to background-field method vertices
We will also use [5] the decomposition of the bare vertex G 0 into parts, one of which is the BQQ vertex of the background-field method. This decomposition singles out the background field momentum, which we call q. It is simplest in the Feynman gauge (ξ = 1) that we will use throughout this paper, although it can be carried out for any gauge. One part, called G P , contains all the pinches coming from longitudinal gluon momenta. In Feynman gauge the remaining part is called G F . At tree level, with
We have:
which is the difference of inverse free propagators in the Feynman gauge, even the massive propagators of Eq.(1). If we define G F = G 0F + Λ the resulting Ward identity is:
which follows from Eqs. (11) with ξ = 1 and (14). This is a QED-like Ward identity which will be critical in exploiting the vertex paradigm.
B. The running charge from the Ward identity for the 3-vertex
For completeness we give here a result found in [9] , for the pole-free part of the three-gluon vertex. Since the pole terms of the vertex and inverse propagator separately satisfy the Ward identity, we will drop them here. As before, the running charge is a defined quantity, given for this paper by Eqs. (6, 7) .
We assume
which has a massless longitudinal pole with residue ∼ m 2 . Write the vertex as
where We are only interested in this kinematic structure, of the many different ones in the full vertex. The omitted terms include longitudinal poles, so we can set m 2 = 0 in Eq. (19) . Saving only the kinematical structure of Eq. (21), the linear terms both on the left and right of the Ward identity have the kinematics
Equating coefficients at p = 0 yields:
IV. SCHEMATIC SDE AND DIMENSIONAL TRANSMUTATION
In this section we review a less-common [55, 56] form of SDE, in which the 3-vertex SDE has no bare term in the loop graphs and the vertex kernel is 2PI (two-particle irreducible) instead of 1PI; see Fig. 1 . One can interpret this equation as furnishing the bare vertex in terms of the dressed Green's functions, and eliminate the bare vertex wherever it appears in the usual SDE. This has the possible disadvantage that the propagator SDE now has infinitely many terms, but since the ensemble of SDE must be truncated in any case, such a potential disadvantage is not a practical hindrance. The great advantage is that when such SDE are written for the PT-RGI Green's functions they are explicitly free of any reference to a coupling, which is replaced by reference to the physical QCD mass scale Λ.
We write the schematic (no group or space-time indices) SDE with just enough terms to understand what is going on. For the one-gluon-loop of the propagator, and omitting numerical constants:
Every vertex in the standard SDE has been divided by, and every propagator multiplied by g 2 0 , with the result that it disappears except in the Born term. The omitted numerical constants are such that the final answer generates b, the lowest-order coefficient in the beta-function. The (not displayed) ghost loop is RGI and independent of g 2 0 by itself, by the same argument that we give in Sec. II A 2. As far as RGI and dependence on g 2 0 goes, it is permissible to think of G (4) as equivalent to the product G 2 ∆, and a simple argument shows that the one-loop propagator SDE depends only on the product G ∆ (but an N -loop skeleton graph depends schematically on (G ∆) N ∆ N −1 ). The one-loop BBB 3-vertex comes from the graphs of Fig. 2 (indices and constant factors suppressed).
The second form (for G) of the equation needs no renormalization; it is actually finite. This is because the divergence in 1/g 2 0 (Eq. (26) below) cancels the divergence in the loop momentum integration-in fact, this cancellation can be used to find the form of the bare coupling as a function of a UV cutoff Λ U V . Of course, there are other graphs (see Fig. 2 ) but it is enough for our understanding; the vertex will actually be based on the evaluation [50] of the perturbative PT vertex with a result equal to that of the BFM Feynman gauge. These other graphs including 4-vertices, etc, all lead to the property of independence of µ and g 2 (µ). The difference between the bare and renormalized couplings, which at one-loop order are:
is that the renormalized coupling depends on µ (and the physical scale Λ), while the bare coupling is independent of µ. So SDE such as Eq. (25) are independent of µ also. The Ward identity that follows from these SDE is:
The Ward identity tells us that the product ∆G ∼ 1/p 2 at large p and the leading loop-order UV divergences are exactly those of the bare loop. They will all cancel against the divergence(s) in g 2 0 . Note that after cancellation this graph is the same as if the bare term were dropped and Λ U V replaced by the physical scale Λ.
We now have enough background to understand the whole PT-RGI procedure in the much simpler spinless model of the next section. After that, we return to PT-RGI for QCD and the numerous complications there.
V.
A TWEAKED φ We begin [8, 9] with the much simpler SDE for the tweaked version of φ 3 6 , and then go on in Sec. VI to the d = 4 gauge theory, which has many complexities coming from the gluon mass. In what follows, think of the parameter b as the one-loop coefficient of the gauge-theory beta function in β = −bg 3 + . . .. Because the NAGT has no bare mass, we omit such a term in the tweaked model that is supposed to mimic the NAGT. The one-dressed-loop equations to solve for φ 3 6 are (see Fig. 3 ):
There are no ghosts, and the Yang-Mills theory that our tweaked theory imitates has no expectation value A µ , so we omit the tadpole graph. The bare coupling is the same as given in Eq. (26), and as in the NAGT Λ is the physical mass scale. At the lowest order of the successive-approximation chain we use a simple propagator form with a constant mass m: (from [9] ). The pi are directed inward and the ki circulate clockwise.
The starting φ 3 vertex is just a constant, which we choose to be 1 so that, as required for an AF gauge theory,
2 . Now we add "by hand" a Ward identity [8, 56] . This allows us both to mimic the NAGT procedure and to avoid the standard SDE for the propagator ∆, which has a quadratic divergence not occurring in gauge theory. Consider two of the φ fields to be complex conjugates that carry an Abelian charge, and define [8, 9, 56] the propagator from the Ward identity for the (one-loop) SDE governing the Abelian current. The corresponding RGI-PT vertex V α (p i ), with p 1 the momentum in the current-carrying vertex, obeys a Ward identity analogous to Eq. (15):
By putting p 2 on shell, where the inverse propagator vanishes, we get ∆ −1 (p 3 ). Or, given the explicit form of the one-loop vertex, we can easily check that the Ward identity is satisfied, and after momentum-space integration the divergence reduces to a total derivative in Feynman parameters and is of the form (31) for all momenta.
At tree level the Ward identity is satisfied by the usual vertex
Beyond tree level, and again mimicking the NAGT case, we approximate the full vertex by multiplying V 0 by the same scalar vertex G(p i ) occurring in the SDE for the scalar vertex, and omitting a term with kinematic coefficient p 2 + p 3 that appears not to be important. In the UV limit where all momenta scale with a momentum p large compared to m the Ward identity says that the product G ∆ ≈ 1/p 2 , clearly true at tree level. The point here is that it is true even non-perturbatively, as we will now check using previous results [8] .
These results come from explicit integration of the one-loop scalar vertex:
(The Feynman parameter z i goes with the line labeled k i .) Using the form of 1/g 2 0 in Eq. (26) we find a vertex that, in spite of being an approximation, is RGI and has no dependence on the coupling constant. (One can also scale out the coefficient b of the one-loop equations, but we will not do that here.)
Similarly, the lowest-order form for the one-loop Abelian current vertex is
in which the prefactor 3b is chosen to mimic gauge-theory results. From the Ward identity of Eq. (31) we easily find the decomposition into two inverse propagators by observing that
The Feynman-parameter integrals are trivial. We do not add constants of integration that would correspond to a bare mass, forbidden in the gauge theory we are mimicking, and find
This (inverse) propagator has a standard kinetic term ∼ p 2 , a mass, and the usual momentum behavior for the φ 3 6 one-loop propagator graph. It differs from this graph only by specifying the kinetic and mass terms, amounting to specifying the arbitrary renormalization constants of the usual propagator graph. But they are not arbitrary in a gauge theory, so we use Eq. (39) as it stands.
A. Some new results in the tweaked model
We ask several questions of the model propagator and vertex, designed to test whether the model looks much like what we expect from an AF gauge theory:
• While the correct leading UV behavior is guaranteed, how about the IR behavior? In particular, to what extent does the inverse propagator of Eq. (39) resemble the input p 2 + m 2 ?
• What does the running charge as defined earlier look like in the IR?
• Does the one-loop propagator resemble the tree-level input propagator in the IR?
• Do the PT-RGI vertex and propagator from the tweaked model look like similar approximations in the vertex paradigm of QCD?
One readily checks that one can always choose a value for m/Λ such that ∆ −1 (p 2 ) has a zero at p 2 = −m 2 ; this value is m/Λ = 1.802. This has the encouraging implication that m/Λ has a reasonable value, and if for the sake of argument we put in the QCD-like value of Λ ≈0.3 GeV we get m ≈ 0.55 GeV, again a reasonable value that fits both lattice simulations and various theoretical estimates.
Let us expand ∆ −1 (p 2 ) around p 2 = 0 from the integral in Eq. (39) . The result is:
not far from the input propagator (any overall factor such as b is irrelevant). Of course, there are deviations in the UV. The next question is about the running charge. Earlier we argued [9] that in an AF gauge theory one could define the inverse square of the running charge in terms of the coefficient of the Born term in the three-gluon vertex. The analog in our model is:ḡ
or at one loop, using Eq. (36):ḡ
In Fig. 4 we plot α s ≡ḡ 2 (p)/(4π) as a function of p 2 /m 2 , using Eq. (42) and the value b = 11/(4π) for quarkless QCD. In spite of the facts that our model is crude and bears no obvious resemblance to real QCD (aside from the value of b) the running charge is reasonably close to QCD expectations. In Fig. 5 we plot the dimensionless propagator bm 2 ∆(p) using Eq. (39), scaling out both the dimension and the factor b. Figure 6 shows the two-loop case. Ref. [56] points out that every closed loop in any of these graphs has at least four lines (the graphs are girth 4 in the graph-theoretic sense) and so have no Feynman parameter divergences. The momentum integrals have one overall logarithmic divergence (schematically, dk 2 /k 2 ). Every loop added to a vertex graph adds three propagators, two vertices, and a power of g 2 0 . So at two loops the skeleton graph gives, schematically:
B. Higher orders
which is an RGI combination; all higher order graphs are also RGI. As [56] shows, because of the extra propagators the UV behavior of the N th order graph comes from:
all the terms of which have the functional form expected from the RG for the inverse vertex. The two-loop graphs gives ∼ ln ln p 2 .
FIG. 6:
The two-loop 2PI skeleton graph for the three-gluon proper vertex, divided by g 2 .
The low-energy theorem of Appendix III B relates the vertex to 1/ḡ 2 (p). One can show [9] that to any finite order in g only the first two terms of 1/ḡ 2 (p) are growing at large momentum; all the rest are decreasing. The first two terms are just those that 't Hooft points out [57] are RGI and universal. With the correct UV behavior of the skeleton graphs and of the bare coupling, UV logarithms cancel, effectively replacing Λ U V by Λ, the physical scale (NOT the renormalization scale). All Green's functions are independent of µ and g 2 (µ).
VI. THE VERTEX PARADIGM IN QCD
Now we turn to the really hard problem, the vertex paradigm in QCD. We want the simplest choice of input Green's functions satisfying the criteria of the Introduction. From these we will calculate one-dressed-loop graphs for the three-gluon vertex, as shown in Fig. 2 . The point here is that quite simple inputs can lead, even at only one dressed loop, to realistic output Green's functions satisfying all necessary WST identities. The difficulties are in satisfying the basic Ward identity of Eq. (15); in dealing with the massless scalar excitations required for dynamical gluon mass generation; and in regularizing some seagull graphs that vanish at m = 0.
Here is a list of how we proceed; subsections and appendices take up the details.
1. To deal with IR singularities we change the massless Feynman-gauge tree propagator
, where m is a constant (non-running) mass. We also take ghost lines to have exactly this mass. There are gauges where this can be enforced at tree level, and in any case the PT results have to be the same as in a ghost-free gauge. But in the Landau gauge the ghosts stay massless even when the gluon gets mass.
2. In order to satisfy the critical Ward identity of Eq. (15), it is necessary that the mass m is non-running. With a constant mass we can satisfy various crucial Ward identities without having to add mass terms in the numerators of graphs. Therefore we require that all numerators of graphs are independent of m.
3. Unfortunately, this makes it impossible to give a good estimate of m, because the SDE have a massive solution only if the mass vanishes at large momentum. See [5] . We are also unable to handle seagull graphs accurately, but we can add them by hand as necessary for satisfying Ward identities.
5. To account for the massless poles that necessarily accompany mass generation, we add to G (out) the vertex V gnls of Eq. (46) . The Ward identity splits into two parts, with and without poles, and the WST for the pole vertex V is precisely what is needed to satisfy the Ward identity (15).
Although the input vertices have no m
2 terms in the numerator, the output vertex does, even in the non-pole part. These come from applying the PT to graphs such as in Fig. 9 and from seagulls. Those terms in the non-pole part that, after all integrations, are proportional to m 2 vanish, as they must by the WST identities, at zero momentum.
A. Satisfying the Ward identities
Here we discuss the issues that distinguish the simple tweaked φ 3 6 spinless model from real QCD. Some of the complicated details we leave to Appendices. The final result is a modest tweaking of the earlier calculation [50] of the perturbative 3-gluon PT vertex at one-loop order, which in fact yield the perturbative one-loop vertex in the BFM-Feynman gauge [5] .The most important step to go from perturbation theory to the vertex paradigm is just to replace the usual gluon and ghost propagator denominators by 1/(p 2 + m 2 ). Note that both the ghosts and the gluons have the same mass in the PT, while in, for example, the Landau gauge the ghosts stay massless even when the gluons are massive. Fig. 2 shows the one-loop graphs.
Of course, just putting massive propagators by hand is not a systematic approach to QCD. But we are not required to be systematic, as long as we can satisfy the criteria listed in the Introduction. As always in studying non-perturbative effects, the most important step is to start off with a decent approximation that can in principle be improved.
The reason that putting in masses by hand is a good thing to do is that all the input vertices in Fig. 2 individually satisfy ghost-free Ward identities that imply satisfaction of the overall Ward identity of Eq. (15) for the output vertex. The 3-gluon vertices in this figure are all of G F type and obey the Ward identity in Eq. (18) as long as the gluon mass is non-running; the ghost vertices in the BFM Feynman gauge are convective and again satisfy a ghost-free Ward identity even with the gluon mass; and the 4-gluon tree-level vertex satisfies the Ward identity relating it to a sum of 3-gluon vertices independent of masses.
In principle we could calculate explicitly the vertex just described, but it is a very lengthy result that is not yet done. It is enough for us that this vertex, which we will call G (out) , obeys a Ward identity from which we can write down the inverse propagator.
However, if we were to stop here with just G (out) we would be wrong in an essential way. The reason is that, by a Ward identity, the inverse propagator must have the form given in Eq. (11), repeated here:
If there is gluon mass generation then ∆ −1 (k = 0) = 0 and there are inevitably massless Nambu-Goldstone-like poles in the inverse propagator. And if there are such poles in the inverse propagator there must be corresponding poles in the PT-RGI vertex, by virtue of the Ward identity (15) . But there is no possibility for a pole in the vertex part we constructed above, so something is missing. We now turn to this problem, which actually was solved long ago [6] in a different context.
B. Vertex parts with massless poles
First we discuss the constant-mass (or GNLS) case, and then the most general case. The massless pole in the inverse propagator of Eq. (A4) has an m 2 residue and occurs in the right-hand side of the Ward identity (15) . There must be terms in the left-hand side to balance, and it does, in a special vertex that we call V that is to be added to the vertex part without poles. From now on the terms G, G F will always refer to those pole-free parts, and the V vertex is added to these. For the GNLS model we find [6] :
(c.p. means cyclic permutations) and it obeys the Ward identity
which is m 2 times the difference of two longitudinal projectors. This vertex is a special case of one that holds for any (transverse) proper self-energy [6] . It is:
Add this to a pole-free vertex part, either of type G αµν or G F αµν that obeys the pole-free part of the appropriate Ward identity, and the sum obeys the correct Ward identity with poles in the inverse propagator. (If the scalar proper self-energy Π(p 2 ) vanishes ∼ p 2 at the origin, a lengthy calculation shows that the vertex V has no poles.) When one replaces the general proper self-energy by P ρµ (p·)m 2 in (48) one gets the GNLS vertex of Eq.(46). Equations (46, 47) say that the pole terms contribute additively both to the 3-vertex and to the inverse propagator, making it possible to write each as a sum of a term without poles and one with poles, such that the pole terms satisfy the Ward identity on their own. So at this point the trial vertex is G (out) + V (gnls) . But we are not yet finished. There are two other ways that terms with m 2 in the numerator occur in the no-pole parts of the proper Green's functions.
C. Induced-mass parts and seagulls
Note that even though we did not put any powers of m 2 in graph numerators they appear nonetheless in the no-pole proper vertex and self-energy. There are three sources of such terms:
1. Induced mass parts in the vertex and inverse propagator arising from using the so-called intrinsic PT [5, 50] .
It is described in enough detail for our purposes in Appendix B. In the output propagator given in Eq. (58), the induced mass term is the second term on the right-hand side of the first equation, after modification with seagull terms as we describe momentarily.
2. Seagull graphs. With our input propagator such graphs in the output should be of the form
While this non-conserved integral vanishes at zero m, it does not for finite m. The seagull term can be rewritten using the identity [4] :
that removes power-law divergences and leaves convergent integrals unchanged. This means that (for constant m) we can make the replacement
It appears that this form of the seagull has a logarithmic divergence, but it is well-known that if a mass term is generated that has no counterpart in the Lagrangian, this mass must run to zero at large momentum. In fact, the mass runs as 1/k 2 (mod logarithms), and the seagull integral is convergent.
3. Terms ∼ m 2 that appear after momentum integration in G (out) . Such terms in graphs with three propagators are necessarily finite by power counting, but two-line graphs with m 2 numerators in the vertex (Fig. 2(c) ) can only give rise to seagull terms that we adjust by hand.
There are relations among these sources of m 2 numerators, as discussed in Sec. VII below:
1. All the terms in Eq. (53) for the output inverse propagator, except the last, come from one-loop Feynman graphs where no poles can occur. Moreover, the proper self-energy must be conserved. But one easily checks that although integrals such as I αβ (q), coming from these one-loop graphs, indeed has no poles it is not conserved. The extra term necessary for conservation comes from seagull graphs, and we will add it in by hand. Adding it is equivalent to replacing I αβ (q) by I αβ (q) − I αβ (0), or, for those terms in the proper self-energy with explicit factors of m 2 , replacing J(q) by J(q) − J(0). This has the further property that the momentum integral is convergent, as it must be (since there is no mass counterterm).
2. After adding seagulls as required, the only remaining logarithmic divergence is cancelled by the logarithmic divergence in 1/g 2 0 , just as in the tweaked φ 3 6 model. However, for the gauge theory there is no tweaking, because in the PT the one-loop beta-function coefficient b = 11N/(48π 2 ) is not an input, but an output of the calculation. This means that the coefficient b occurring in the one-loop bare charge of Eq. (26) is not to be thought of as an input either; in fact, the entire functional form of the bare charge is dictated by the PT-RGI SDE and is determined as the solution of these SDE progresses.
VII. OUTPUT RESULTS
After carrying out much algebra that we do not give here, the procedures listed in Sec. VI finally yields the vertex-paradigm form of the one-dressed-loop PT-RGI inverse propagator:
Here g 2 0 has the same form and interpretation as in Eq. (26) and Π αβ is:
with
and Π S αβ is a momentum-independent seagull that subtracts off Π αβ (0). The M 2 term comes from the V -vertex. Do the index algebra to reduce the second momentum integral in Eq. (53) to scalar form:
It is understood that the k integral is cut off at Λ U V :
Observe that even though before the momentum integration in Eq. (55) there is no m 2 in the numerator, after this integration such a term appears. This term is logarithmically divergent, and could give rise to a pole in the one-loop integral for the self-energy, but this is impossible because I αβ comes from the Ward identity for a vertex without such poles. Furthermore, the integral I αβ is not conserved, as it should be.
It is easy to see that addition of a seagull term that replaces, in this term, J(q; Λ U V ) by J(q; Λ U V ) − J(q = 0; Λ U V ) simultaneously solves all these problems: The logarithmic divergence disappears, I αβ is conserved, and there is no pole in this term. With the choices for seagulls given above, the PT-RGI proper self-energy is conserved, and therefore proportional to P αβ (q). After the momentum integral the result for the scalar part of the inverse PT-RGI propagator, using the vertex paradigm, is:
where J(q; ρ) for any mass ρ comes from substituting ρ for Λ U V in Eq. (57) . There are no divergences in this expression, and no pole in the m 2 /11 term, because the coefficient vanishes at q = 0. It is important to note that, unlike in the tweaked φ 3 6 model, nowhere have we input the value of the beta-function coefficient b = 11N/(48π 2 ). This critical gauge-invariant parameter emerges from the calculation. Our final result is virtually identical (with a redefinition of the seagull) to a previous result found using a different truncation, but the same input propagator [7] .
It only remains to determine M 2 . Impose the condition that ∆ −1 (q 2 = −m 2 ) vanish, so that m 2 is the "physical" mass of the gluon. This leads to:
A. The running charge
The running chargeḡ 2 (q) is one of the most often-invoked concepts in QCD. But in principle it is actually redundant; every pure-glue QCD process can be described in terms of the PT-RGI propagator and vertices without every mentioning the running charge or any other kind of coupling. Nevertheless in practice it is a useful concept, and in Sec. II we suggested the product decomposition of Eq. (6): ∆(q) =ḡ 2 (q)H(q), with H given by the free massive propagator of Eq. (7). This has the trivial non-uniqueness of multiplyingḡ 2 by any constant and dividing H by the same constant; we resolve this at large momentum by choosing the perturbative form H → 1/q 2 . Then from the large-q form of ∆ in Eq. (58):
the remaining factor is indeed the leading term of the usual running charge. Just as in Refs. [4, 7] , the spectral form of the propagator (61) in Minkowski space has a non-positive spectral function, as all lattice simulations show (see [9] for a review and references). This is because ∆(q) decreases faster than 1/q 2 at large momentum. Our suggested form for H in the IR is the massive input propagator H = 1/(q 2 + m 2 ), although we certainly cannot prove that this is uniquely determined by any known QCD physics. It is often used in phenomenology at very low momentum, such as near-forward diffractive processes. A different H gives a different form forḡ 2 in the IR, but this is a matter of choice as long as the choices made do not change ∆ itself. From Eq.(58) we find:
Then our choice of H gives:ḡ
If m = 2Λ, as various estimates suggest, then α s (0) ≈ 0.51 for SU (3) with no quarks, and perhaps 0.6 for three quark families. This is in good agreement with an analysis [58, 59] of experimental data on the Bjorken sum rule, which yields 0.42 ≤ α s (0) ≤ 0.58, with a central value of 0.5. A simple interpolation formula, useful for spacelike (Euclidean) momentum, between the UV and the IR is:ḡ
This form, with 2.3 replaced by 4, was suggested in the first paper [4] on the PT. Observe that for m < 0.659Λ the propagator has a tachyonic pole and is unphysical; this means that dynamical mass generation is necessary to make an AF gauge theory a sensible field theory. Fig. 7 shows the Euclidean propagator, times bm 2 , for the value m/Λ = 2. Except for an overall normalization factor this propagator is remarkably similar to that of the tweaked φ 3 6 model, shown in Fig. 5 . There is a sense in which all AF pure-glue theories look alike. Fig. 8 shows the pole-free 3-vertex form factor G(p, −p, 0) for SU (3), which according to [9] and Sec. III B should be the same as 1/ḡ 2 (p). closely-related quantity has been studied on the lattice [60] : A certain projection of the Landau-gauge 3-vertex. This projection removes all longitudinal momenta and therefore removes the entire pole vertex. In the Landau gauge the ghosts have zero mass, so that the ghost loop gives a logarithmically-divergent contribution, as in perturbation theory. The lattice data of [60] are not sufficiently accurate in the IR to resolve this divergence, and in the UV the Landau-gauge 3-vertex will not rise exactly as ln p 2 , as does the PT-RGI form factor, but as a different power. For related work, see [54] .
VIII. FINAL REMARKS
We have given a simple implementation of a new method, called the vertex paradigm, for dealing with nonperturbative problems of off-shell gluon Green's functions in QCD, based on a first approximation in which the gluon has a non-running mass m. The procedure is at every step tied to the PT-RGI process, guaranteeing gauge invariance, renormalization group invariance, dimensional transmutation, as well as that all Green's functions are independent of the S-matrix process in which they occur. The paradigm constructs from this input, and tree-level input vertices, a 3-gluon output proper vertex that satisfies a number of desirable criteria listed in the Introduction. One of these criteria is a QED-like (ghost-free) Ward identity that yields an estimate of the gluon proper self-energy from the output vertex.
Although the current implementation is too simple to estimate m, other more elaborate procedures suggest that m ≈ 2Λ, where Λ is the physical QCD mass scale. We estimate the corresponding zero-momentum coupling α s (0) ≈ 0.5 (for no matter fields). We are able to estimate a minimum mass m c ≈ 0.6Λ, and for m ≤ m c there is a tachyonic pole and QCD breaks down.
There is a sharp contrast between the PT-RGI methods used here and other methods, such as calculating [3] or simulating [60] off-shell Green's functions in Landau gauge. For one thing, in Landau gauge the ghost mass is zero even when the gluon has mass, but in our PT-RGI techniques both ghost and gluon must have the same mass. A zero ghost mass in Landau gauge leads to unpleasant IR singularities. For another thing, when one does not pay attention to the requirements of dimensional transmutation (that trades the coupling for a mass scale) one may inappropriately conclude that the running coupling of QCD is, or can be assumed to be, a process-dependent quantity. See, for example, [61] and references therein, which analyze the same data on the Bjorken sum rule that were used in [58] , but adopt the process-dependent normalization α s (0) = π. In perturbation theory (large momentum) the running coupling surely should be the same for all processes, and it makes sense to define it, as we do, to be the same for all processes no matter what the momentum is.
The main question for future applications of the vertex paradigm is accounting for the running of the dynamical gluon mass. It might be possible to combine the methods of Papavassiliou et al. [35] [36] [37] with the present work. These authors construct an SDE approach that provides an equation for the running mass m(p 2 ), the kernel of which depends on (among other things) gluonic vertices that are approximated with the gauge technique. It should be possible instead to use a one-loop approximation along the lines of the vertex paradigm in this equation, as the first step in a successive-approximation chain. This is far from an easy step, and I have nothing to report on it.
Here g.f.t. is the gauge-fixing term, proportional to p µ p ν , that is generated by loops. In our successive-approximation scheme the self-energy is just m 2 , and one easily sees that the simple form of Eq. (A6) corresponds to
2. The Fujikawa-Lee-Sanda gauge
It may not be immediately obvious, but this gauge-fixing term is what arises when the 't Hooft and FujikawaLee-Sanda (FLS) principles of gauge fixing of a gauge theory with Higgs fields [51, 52] are applied to a gauge theory with a GNLS term. This works because (as noted in Sec. I C) the GNLS term is equivalent [53] to a Higgs-Kibble symmetry-breaking term of a special type, consisting of (for SU (N )) N scalars ψ i in the fundamental representation, along with a custodial (global) symmetry that corresponds to gluons' transforming in the trivial representation of the center symmetry of the gauge group. The i th component of the scalar ψ i is given a frozen VEV of m, and the matrix U of the GNLS is given by m 2 U = i ψ iψi , followed by an SU (N ) rotation on the scalars. The non-local term m 2 /p 2 comes from replacing the Higgs-Kibble fields by their lowest-order expression in terms of the gauge potential, given in Eq. (A2). Presumably using the BFM for the FLS in Feynman gauge is equivalent to the PT, although this remains to be proved. The point of the FLS gauge is to cancel the mixing term between the gradient of the Higgs-Kibble field and the gauge potential, with the result that, in the FLS Feynman gauge that we are using, the ghost has the mass of the gluon. One can also see this directly from the GNLS model in the usual Feynman gauge, where the inverse propagator is given in Eq. (A4). The clue to this is the cancellation arising from the longitudinal terms in the propagator, which, when combined with all the other longitudinal (pinch) terms, does two things. One is to replace the massless ghost by a ghost with the gluon mass, and the other is to change the ghost-gluon vertices to the convective ones of the BFM Feynman gauge.
The intrinsic pinch and the 3-gluon vertex
To set the vertex kinematics see Fig. 9 . We begin with input dressed vertices that have no massless poles, in which case no such poles can emerge from the integrations that yield the output vertex. At the lowest level of successive approximation these "dressed" vertices are simply tree-level vertices. Pole terms are added as described in Sec. VI B. For the propagator lines use Eq. (1) as well as ghost propagators with the same mass; all vertices are the usual tree-level ones. The first rule is to expand any product of conventional tree-level vertices Γ in powers of Γ P . The way to do this is to write a product of Γ F in terms of Γ − Γ P :
, and then express the original product of Γ in the graph from this equation. Pinches leading to inverse propagators come from Ward identities; these can be external (B line) pinches or internal pinches (Q lines).
Provided that m 2 is constant in momentum space, and the same for all gauge bosons, then before pinching:
1. Because the vertices are the usual ones, all numerators are exactly the same as in massless Feynman gauge.
2. This implies that the external-line Ward identity is the same as for the massless BFM Feynman gauge:
with the p µ p ν terms missing for Γ F . The m 2 terms cancel. This is the same, in terms of ∆, whether or not this propagator has a mass term.
The one-loop skeleton graph with three propagators for the three-gluon proper vertex. All pi go into vertices and the ki go clockwise, so p1 = k2 − k3, p2 = k3 − k1, p3 = k1 − k2.
The products ΓΓΓ
P with one pinch factor yield the generic form
with one background propagator (momentum p i ) and one quantum propagator. The instructions of the intrinsic pinch are to drop the background propagator; any terms of the form p iµ p iν can always be dropped for background lines. We get, after dropping the B propagator,
-expressed in terms of propagators, the same as in the massless case.
4. The product of two or more Γ P s induces m 2 terms in numerators after dropping B inverse propagators. For example:
where the pinch term has a term m 2 p 2µ p 2ν . This is the same structure as the massive case, with a term generating a vertex contribution with two gluon lines plus a term that adds to the ghost numerator.
5. Products such as Γ P Γ P and ΓΓ P Γ P have terms ±k 2 i δ µν to which we must add and subtract m 2 δ µν ; this also generates a numerator ∼ m 2 as above:
which generates an induced term m 2 δ αβ when we complete the k 2 2 propagator. So we just use the massless PT vertex, as given in Eq. (3.18) of Ref. [50] , but changing both ghost and gluon propagator denominators to the massive form. To this we add the pole vertices, the induced m 2 term, and seagulls chosen to enforce transversality where required. There is another source of terms with m 2 in the numerator beside the induced mass terms discussed above; other terms arise from doing momentum-space integrations and from seagulls. See Sec. VI C. The fact that the Ward identities with mass are so close in structure to the massless ones is what allows the 3-vertex as outlined above to satisfy its Ward identity, given in Eq. (14), and therefore yield the (approximate) propagator ∆. Some added work is needed to account for the induced mass terms, seagulls, and pole vertices, but we will not go into that here. It is important to note that the induced mass terms of the can lead to the appearance of poles in vertices such as described here that are not allowed to have poles; one avoids such spurious poles by subtracting seagulls whose value is chosen just for that purpose.
A summary of steps taken in practice, to implement the above discussion:
1. Take the expression for the perturbative PT 3-gluon vertex, as given in Eqs. (2.24,3.18) of Ref. [50] , and add m 2 to all massless propagator denominators. This guarantees the Ward identity of Eq. (14), because the massless Ward identity for Γ 0F in Eq. (17) is also satisfied with constant masses. Moreover, in the vertex of [50] , as in the BFM method, the ghost vertices are modified to be convective, and their Ward identity is the same as for Γ 0F (with vector indices removed)-satisfied with or without constant mass terms. (14) is still satisfied.
Add a pole vertex (Sec. VI B). The Ward identity
3. Find the induced-mass terms arising from the intrinsic PT (Sec. VI C).
4. Find other terms linear in m 2 from momentum-space integrals and seagulls.
There is no point in writing the very lengthy form of the 3-gluon vertex explicitly. Instead, we give only the result for the inverse PT-RGI propagator that follows from the vertex paradigm. It is actually essentially identical with an inverse propagator based on the gauge technique [7] ; this happens because both methods use the simple gluon propagator of Eq. (1).
The intrinsic PT for the propagator with mass
We use the kinematics of Fig. 10 plus the corresponding ghost loop; seagulls are added "by hand" as needed for Ward identities. We understand that these graphs are calculated with the gluon propagator of Eq. (1) and a ghost propagator with the same mass, and all the vertices are tree-level. There are no explicit m 2 terms in any numerator; these appear from seagulls, induced-mass terms, and momentum integrations.
As in the tweaked φ 
Begin with the standard PT-RGI expression, with ghosts and gluons having mass m:
The proper self-energy has been divided by g 2 0 , and the Γs are standard free vertices. To use the intrinsic pinch, write the vertex numerator as
The Γ F Γ F term has no pinches. We add to the rest the ghost numerator, and find where we inserted mass terms. We have added and subtracted m 2 terms to form complete massive (inverse) propagators. The first term in the right-hand side of the equality is an inverse propagator for the B line of momentum p 1 and is dropped (in the PT we can [4, 5] always freely add or drop any multiple of p 1α,ν ). The second term in the first line gives seagulls, which we do not consider explicitly. The new term beyond the massless case is the last term. A similar term arises from integrating the massive propagators with the (rest of the) massless numerator; see Eq. (55) .
Doing the algebra, the numerator is that of the massless theory
plus the last line of Eq. (B9). Some manipulations based on Sec. VI C, along with seagulls added as needed and the terms carrying the Nambu-Goldstone-like pole, yield the final PT-RGI proper self-energy:
The logarithmic divergence is, as before, cancelled by the bare term in 1/g 2 0 .
